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Milestones

1966:
1970:
1988:
1995:
2005:

D. Rutovitz — first parallel thinning algorithm
A. Rosenfeld — digital topology

C. Ronse — minimal non-simple sets

G. Bertrand — P-simple points

G. Bertrand — Critical kernels
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Cubical complexes
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Face

We consider Z", n > 2.

m A subset of Z" composed of one point is called a

m A subset of Z" forming a unit bipoint is called a

m A subset of Z" forming a unit square is called a
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Closure

New 2D
parallel
e Let f be a face.
algorithms .
based on m The of f, denoted by /, is the set composed by all
critical kernels ) . .
Gilles the faces which are included in f.
Bertrand and 20
Michel m The set f is called a
Couprie

m If X is a finite set of faces, we write =U{f|feX}
X~ is the
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Cubical complex

A finite set X of faces is a

not complex

if X =X".

complex
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Principal face

m Aface f € Xis

if there is no g € X such that f

is strictly included in g.

m We denote by
of X.

the set composed of all principal faces
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Detachment

Let Y be a subcomplex of X. We set
The set X © Y is a complex which is the

= [X+\ Y]~
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Dimension, pure complex

m Let X be a complex, =max{dim(f) | f € XT}is
the .

m We say that X is an if dim(X) = m.

m We say that X is if, for each principal face f of X, we

have dim(f) = dim(X).

a non-pure 2-complex a pure 2-complex
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Border face, free face

m The face f is a if there exists one face g € f,
g # f, such that f is the only face of X which contains g.

m Such a face g is said to be and the pair (f, g) is said
to be a

border faces two free pairs free faces




Collapse, retraction
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m If X collapses onto Y, we also say that

Important: collapse preserves topology

A 2-step collapse sequence
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Part 11

Critical kernels
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Essential face

Definition

m We say that f is an , or that f is an
, if f is precisely the intersection of all principal faces of
X which contain f.

m We denote by the set composed of all essential
faces of X.

The essential 0- and 1-faces are highlighted.
All the 2-faces are principal, thus they are essential.
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Bertrand and which is the union of all essential cells which are strictly

Couprie included in f.

g

core of f core of g
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Critical face

Definition
m We say that f and fare
collapses onto Core(f, X).

m We say that f and f are
not regular.

f is regular

if f € Ess(X) and if 7

if f € Ess(X) and if f is

g is critical
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Xo = Critic(Xl)

= U{f | f is critical }, Critic(X) is the

A
[T ]

X1 = Critic

(Xo)

Critic(Xz) = X5
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Main theorem

Theorem (G. Bertrand)

In any dimension, the critical kernel of X is a retraction of X.

Furthermore, if Y is any principal subcomplex of X such that
Y contains the critical kernel of X, then Y s a retraction of X.
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Simple cell

Intuitively, a cell f of a complex X is simple if its removal from
X “does not change the topology of X".

Definition

Let f be a principal face, we say that Fis if X collapses
onto X O f.

Property (local characterization)

A principal face of a complex X is simple if and only if is
regular.
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Crucial kernels
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pure 2D cubical complex binary image
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Motivation

By identifying 2-faces with pixels in 2D, or surfels in 3D, we
make a link between complexes and digital topology. But:

The critical kernel of a pure 2-complex is not always a pure
2-complex

X1 = Crllt'llC(Xo)
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Maximal critical face

Definition
m Aface fin Xisa , or an
, if f is a critical face which is not strictly included in
any other critical face.

A complex Xp and its M-critical faces (highlighted)



Crucial faces, crucial cliques
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Bertrand and i
c“g'uc;\:'e M-critical.
m We say that £ is if Core(f,X) =0;
We say that f is if Core(f, X) is not connected.
m We say that f is if £\ {f} contains an M-critical
face which is k-critical, k =0, 1.
m We say that K is , if there exists a

(k-critical) face f which is M-critical and such that K is
precisely the set of principal faces of X which contain f.
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A complex Critical faces

M-critical faces Crucial cliques
left: O-critical, right: 1-critical left: O-crucial, right: 1-crucial

We want a pure 2-complex which contains all 0- and 1-crucial
faces. Thus,
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Part IV

JC-Skeletons in 2D grids
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Property
Let S be a set of pixels and P be a set of simple pixels.
m The pixel p is 1-crucial for (S, P) if and only if p is
matched by pattern C;
m The pixel p is O-crucial for (S, P) if and only if p is
matched by one of the patterns (1, ...C4.
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Minimal /C-skeleton

Definition
m The is the set which is
composed of all critical pixels and all crucial pixels of S.
m Let (So, S1, ..., Sk) be the unique sequence such that
So =S, Cruc(Sk) = Sk and S; = Cruc(Si-1), i =1,..., k.
The set Sy is the

Algorithm MK? (Input /Output : a set S of pixels)
01. Repeat Until Stability

02. P < set of pixels which are simple for S
03. R « set of pixels in P which are 0- or 1-crucial for S
04. S— [S\PJUR
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An object and its minimal K-skeleton
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Minimal /C-skeleton: 1-mask algorithm

Property
Let S be a set of pixels, and let p € S be a simple pixel.
m /f p is not crucial for S, then there exists g € [*(p)N S
such that q is either critical or 1-crucial for S.

m If p is O-crucial for S, then any q € [*(p) N S is neither
critical, nor 1-crucial.

Algorithm MK? (Input /Output : a set S of pixels)
01. Repeat Until Stability
P < set of pixels which are simple for S

R < set of pixels in P which are 1-crucial for S
T+~ [S\PJUR
S— TU[S\(TaTl)]

The correctness of the algorithm lies on the above property.



Constrained KC-skeleton
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Bertrand and m Let S be a set of pixels and let K C S. Let P be the set
G composed of all simple pixels for S which are not in K.

m We denote by the set composed of all pixels in
S\ P and all pixels which are crucial for (S, P).

m Let (Sp, S1, ..., Sk) be the unique sequence such that
So =S, Sk = Cruc(Sk, K) and S; = Cruc(S;-1, K),
i=1, ..k

m The set Sy is the
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IC-Skeleton constrained by the medial axis

Algorithm AK? (Input /Output : set S of pixels)
00. K— 0; T S

01. Repeat Until Stability

02. E— Tols;D— T\[E®Tg]

03. T+— E;: K+~ KUD

04. P — set of pixels of S\ K which are simple for S
05. R < set of pixels in P which are 1-crucial for (S, P)
06. S~ [S\P]JUR

Property

Let S be a set of pixels. The set AK?(S) is the K-skeleton of S
constrained by the medial axis of S (relative to the 4-distance).
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Medial axis Constrained skeleton
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JKC-Skeletons

Part V

of 2D objects in 3D grids
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Local conditions (3D)

Property

Let S be a set of pixels and let p € S. Let P be a set of simple
surfels of S.

The surfel p is 1-crucial for (S, P) if and only if p is matched
by the pattern D.



Minimal 2D /C-skeleton in the 3D grid
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Gilles . P «— set of surfels which are simple for S
Bertrand and . R « set of surfels in P which are 1-crucial for S
Couprie . T<— [S\P]UR

S— TU[S\(Te&rl)]

Object S Minimal KC-skeleton of S
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Topological axis: generalization of the medial axis

Definition

Let X be a complex, and let f € XT. We set p(f, X) as the
minimum length of a collapse sequence of X necessary to
remove f from X, if such a sequence exists, and p(f, X) = oo
otherwise. We define the as the set of
faces f in X such that p(f, X) = oo or

p(f, X) = max{p(g, X) | g € [5(f) and p(g, X) # oo}.

Topological axis




New 2D
parallel
thinning
algorithms
based on
critical kernels

Gilles
Bertrand and
Michel
Couprie

JC-Skeleton constrained by the topological axis

00.
01. Repeat Until Stability
02. T «— {s &€ T | s is an interior surfel of T}

Algorithm BK3 (Input /Output : set S of surfels)
T~ S

03. P < set of simple surfels for S such that
rs(p)NT #0 _

04. R « set of surfels in P which are 1-crucial for (S, P)

05. S— [S\PJUR

Property

Let S be a set of pixels. The set BK3(S) is the K-skeleton of
S constrained by the topological axis of S.
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Topological axis Constrained skeleton
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Part VI

Epilogue
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m the definition and an algorithm for a minimal symmetric
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The
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m general skeletons (i.e., which are not necessarily principal
subcomplexes)
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