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Abstract

Fisher information is of key importance in estimation thedtralso serves in inference problems as well as in the pnégation
of many physical processes. The estimation error for thetioe parameter of a distribution is bounded by the invefgbeFisher
information associated with this distribution. In this @ate look for minimum Fisher information distributions witrestricted
support. More precisely, we study the problem of minimizing Fisher information over the set of distributions wittefiwariance
defined on a bounded subsebf R or on the positive real line. We show that the solutions oftthderlying differential equation
can be expressed in terms of Whittaker functions. Then, éntwo cases considered, we derive the explicit expressibtizeo
solutions and investigate their behavior. We also charizet¢he behavior of the minimum Fisher information as a fiamcof the
imposed variance.
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1. Introduction

Importance of Fisher information as a measure of the inftionan a distribution is well known. It has many impli-
cations in estimation theory, as exemplified by the Cramaw-Bound which is a fundamental limit on the variance of
an estimator. It is used as a method of inference and undeistain statistical physics, as was promoted by Frieden,
with many troublesome exampleg,9,8]. It is also used as a tool for characterizing complex sigrmal systems,
[12,13,19] with applications, e.g. in geophysicsd,14,2], in biology [6], in reconstruction3,4] or in signal process-
ing [27,26,20]. In robust estimation, distributions minimizing Fishafdarmation, in the case of scale and location
parameters in a Kolmogorov neighborhood of a parent digidh, have been considered 2324]. Fisher informa-
tion for orthogonal polynomials and special functions hbgen studied inl[5,25]. Connections with the differential
equations of Physics have been exploredin [

Email addresseq:f . ber cher @si ee. fr (J.-F. Bercher)yi gnat @mni v-m v. fr (C. Vignat).

Preprint submitted to Information Sciences Typesetted 24 February 2009



It is well known that the distribution with a fixed varianceathminimizes the Fisher information dk is the stan-
dard gaussian distribution. However, there are many gitastwhere the variables at hands are known to belong to
some subset dR. For instance, the random variable may be known, on phygicainds, to have only non negative
outcomes, e.g. the variable represents an energy. Vesialdg also be known to have a distribution with a support
restricted to a given interval: this is the case of normalizariables or of the measurements obtained from a physical
device with a (necessarily) finite output range. In such &asés of interest to consider, as a model of the data prob-
ability distribution, the distribution compatible withelconstraints extracted from the data, with minimum (Fisher
information. This idea, advocated by Frieden and othersgrsiniscent of the idea of maximum entropy distribu-
tions, when the measure of information considered is thiedrismformation. By the Cramér-Rao bound, the Fisher
information serves as a benchmark for estimators.

In the case of the estimation of a location parameter, thehlisions with minimum Fisher information correspond
to the most difficult estimation cases, and it is thus intimggo look for these distributions. This problem has been
considered in the important papeld], whose reading has tackled the present work. This papeepte general
results and characterizations of the solution to the mirétion of Fisher information on a compact support, subject t
a variance constraint. Here, we give the explicit closatifexpressions of the solutions, characterize their behavi
and propose alternate simpler proofs. We also extend tlises the case of distributions with support confined to
the positive half line (and of course the case of any othei-g&finite support is a straightforward consequence).

Let f denote the probability density of a random variallle The Fisher information (with respect to a translation

parameter) is defined as
B dln f(z)\> B dfx)\> 1
1= [ (P51 se = [ (S san @

whereS = Supp[f] denotes the support of the densityy) is supposed differentiable and bgttw) and its derivative
f/(x) are square integrable @& We noteD the set of functions that verify these hypotheses. It is kmf/that the
Fisher information is a strictly convex function of the distition, that is: forf(x), g(x), and withA € (0, 1), then

IIAf + (1= Ngl < M[f] + (1 = M)Ig]. 2
We are here interested in classifying distributions withveg variance, and consider the variational problem

I(c%) = irflf {If]: Supp[f] =S, f € D and Var[f] = 0°} 3)

which consists in finding a distribution with minimum Fishieformation on the set of all distributions with support
S and a fixed variance?. The value of the minimum Fisher information obtained foivaeg variancer? is denoted
I(0?) — the use of the square brackets and parenthesis distiegugtween the functionals of the probability dis-
tributions and the functionals of the variance. Althougl is a convex functional, the set defined by the constraint
Var[f] = o2 is not convex, so that uniqueness of the solution is not gueea. For instance, dR, the normal dis-
tribution minimizes Fisher information in the set of dibtrtions onR with a given variance, but in fact irrespectively
of the value of the mean: all normal distributions, whateheir mean, are equivalent solutions. We will obtain in the
following that solutions ofR™ or on an interval are in fact unique.

In section2 we give the differential equation that is associated withgtoblem of minimization of Fisher information,
and then we underline its relationships to known differ@rgquations. So doing, we exhibit some explicit expression
of the solutions, in terms of Whittaker and parabolic cyéntunctions. Then, we examine two particular cases. First,
in sectiond we characterize the solutions with positive support, thHele®r of the minimum Fisher information with
respect to the variance, and show that the solution is urdgddurns out to be a chi distribution. Second, in secsion
where the support is restricted to an interval, we give thpgession of the unique solution to the problem and we study
the general behavior of the minimum Fisher information wéhpect to the variance. Finally, we give the expression
of the probability density with minimum Fisher informatiamong all distributions with finite variance defined on an
interval.



2. The differential equation associated with the minimizaion of Fisher information

In the following, it is convenient to introduce the transfationf (z) = u(x)? and to work withu(z) instead off (z).
With this notation, the Fisher information becomes

1= [ W@, @
s
whereu/(z) denotes the first order derivative @fz). The variational problem3) can be restated as follows:
I(0%) = inf {4/ o (x)?da :/ u(z)?*dz =1 and Var[u?] = 0?} (5)
wu2€eD S S

The problem above can also be completed by some additiondit@mns on the boundaries of the domain: for instance,
whenS = [0 : +00) we needu(+o00) = 0 S0 as to ensure a proper integrable density. At the left éntdpee shall
ensure continuity and set(0) = 0 in order to keep the Fisher information finite. Indeed, thghEf information
associated with a distribution isco when the distribution is not continuous on the domé&irSimilarly, when the
supportS is restricted taS = [—1, 1], and the density is set to 0 outside of this domain, we shedli@l) = u(—1) =

0 in order to ensure continuity at these boundary points.

The Lagrangian functional associated with the problB)ig

L(u;a, f) = /Su'(z)de +a (/S u(z)?dr — 1) + (/S(x — p)?u(z)?de — 02> , (6)

wherea andj are the Lagrange parameters associated with the norniatfizatd variance constraints respectively.
The mean is denoted hy. The minimum of the Lagrangian functional is obtained bydtad calculus of variations
[10] which asserts that a minimizer dd)(is necessary a solution of the Euler-Lagrange equation

d OL 0L
“diow T ou " )
which leads to
u"(x) — (a+ Ble — p)?) ulz) = 0. (8)
Of course, with the simple change of variable- = — u, the differential equation reduces to
u'(z) — (a + 522) u(z) =0 (9)

which is a parabolic differential equation. Interestindhe minimum Fisher information can be written in terms of
the constraints and Lagrange parameters.
Proposition 1 The minimum Fisher information ifb) can be expressed as

—31(02) =a+ Bo? (10)

with u(a) = u(b) = 0 and wherez andb denote the left and right endpoints of the supgrt
Proof. By integration by parts,

b

—i[(oz) = —/ o (x)?dr = — [u(x)u’(x)]z +/ w(z)u” (z)d. (112)
S a
Using the boundary conditions and the differential eque{®), we then obtain
b
—i[(oz) = / (o + Bz — M)Q) u?(z)d. (12)

which reduces tol(0) taking into account the values of the constraimis.
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3. Solutions to the differential equation

Let us consider the parabolic differential equatiéh Using the change of variable = /2/3z, together with the
substitutiond(z) = u ((2\/3)—%1’), the differential equation becomes

" - «a o 1 2 _
d"(x) + ( 33 12 )d(:r) =0 (13)
which is the Weber differential equation, whose standamhfis
1 1
d"(x) + <I/ t5- Z$2) d(z) =0. (14)
Here we simply haver = —a/2\ﬂb) — 1/2. The solutions of the Weber equation can be expressed aga lin
combination of the parabolic cylinder functidn, (z) andD_, _; (iz) [22]:
d(x) = e1Dy(x) + caD_py—1(ix) (15)

But the Weber equation above can also be converted into thigdkéir equation using the substitutiaifz) =
L (%) andz = 22 /2, which leads to

ﬁw
" 3 v41/2 1
w”(z) + {16,22 + 7 1 w(z) (16)
that has the form of the Whittaker differential equation
1/4—p? 1
w’(2) + [M F2 —} w(z) =0 (17)
z z 4

with A = v/2+1/4 andu = 1/4. But the Whittaker differential equation can also be otgdidirectly from the initial
differential equation) with the substitution:(z) = - (%) and withz = £22/2. Then, one readily obtains

ﬁw
1" 3 « B
- _ = = 1
which reduces to the Whittaker differential equatidm)(with ¢ = 2/3, A = —ﬁ, andu = i. The general

solutions of the Whittaker differential equation can beregged in terms of the two linearly independent Whittaker
functionsM, ,,(z) andM — (=), or with the help of the Whittakeii’y ,,(z) function defined by

(-2 2

1 (—2p) Ma(2) + — (21)
(3 —n—2) I'(3+p+A)
for 2m ¢ N. In these expressions, the Whittakiefy ,,(z) function can be expressed as a simple function of the
confluent hypergeometric function, or KummerfunctiM(% + A—u, 142\ z)accordingto ], eq. 13.1.32]

W,\7M(Z) = M,\7_M(Z) (19)

1z 1
My ,.(2) = z’\+7e_7M(§ A=, 14 2), 2). (20)
Since the Kummer function has an exact series represemt@also have
1Ly = )
_ M"‘% —% (2 + K n . n
MA7M(Z) =z € Z n (2>\+ 1)n . (21)

where( ), denotes the Pochhammer symbol. As far as the parabolicdeylifunction is concerned, it can also be
written as a Whittaker functior2p, p. 347] :

Dy(x) =25F1273 Wy 11 (527). (22)



According to this discussion and the relationships betwssabolic cylinder, Whittakef/ and W functions, we
find that the solutions of the differential equation assteclavith the problem of minimum Fisher information can be
expressed as various equivalent linear combinations diitietions

Dfﬁfg(@\/g)iz) and D _o__1((2 B)7iz),
of 1 1 1
- 2 = 2 . 2
\/EMfﬁ,i( ﬂZ )7 \/ZMfﬁ,fi(\/Bz )a and\/zwfﬁ\/a.&( ﬂZ )
Some equivalent expressions of the solutions are givembelo
u(z) = e1D_ o 3 ((2V/B)22) + 2D _o__1((2V/B)%02) (23)
1 1
=M 3 (VB2) + =M (V) (24)
o 1 2 7 1 2
_clﬁM,ﬁ_&(\/—z )+cgﬁw,ﬁ&(fz ). (25)

In these formulas, the values of the constants in the linearbinations will be determined according to auxiliary
constraints, e.g. the boundary values. We now turn to theachexization of solutions oR™ and then on an interval.

4. Solutions defined on the positive real line

We consider the expression of the solution in terms of thalpaic cylinder functions, as given i2§). A first pointis

to check that the solution is boundedBri. Since the Weber equation has only one irregular singulatit = +oo,

it is sufficient to examine the behavior of the solution for» +o00. The asymptotic expansion of the Weber function
D,(z),withargz < 3w /4is[22, p. 347], [L, eq. 19.8.1]:

Dy(z) ~ e <1 _vv=1) vy =Dr =2 =3) ) . (26)

222 2424

Forz — +o00, we see at once from the asymptotic expansion ihgt:) — 0. Replacingr by —v — 1 andz by iz,
we can also observe thét_,_; (iz) tends to infinity wherr — +oco. Therefore, since the solution must correspond
to a proper integrable density, the second parabolic cgtifiihction in 23) must be discarded, witty = 0, and the
solution reduces to )

D ((2vB)22)

3

3
=

2

Ua,3(2) = (27)

1
2

( 0 (D‘%—%((Q\/B)%Z))de>

where the denominator has been introduced in order to etiseneormalization of the probability densiff(z) =
u(z)2. As a consequence of the simple form obtained above, it isilplesto characterize the general behavior of the
minimum Fisher information as a function of the varianceisTié given by the following

Proposition 2 The Fisher information of the minimum information probébpitiensity with positive support and fixed
varianceos?, corresponding to the solutio27), verifies

I,(0?) Ky (28)

wherev = —a/2v/3 — 1/2 and K, is a constant.
Proof. Letv = —a/2v/F — 1/2 and¢ = 2,/3, and consider fixed. Then¢ acts as a scaling factor: more precisely,
denotingV,, ¢ the variance associated with the solution with parametersd¢, we readily havé/, . = %Vl,,l and
I, ¢ = &1,1, wherel, ¢ is the Fisher information. Therefore, the proddictV, ¢ = 1,1V, does not depend oy
and
Iy,g _ Iu,lvl/,l )
Vie



Moreover, from the equality, . = %Vl,,l and the fact that,, ; > 0, we deduce that the functign— V, ¢ mapsR™*

to R™ so that it is always possible to find a valgeuch that, . = o?; thus, the Fisher informatiofy, (o2) of the
probability density associated with the solutiefr) in (27) follows the equation48), with K, = I,,1V, ;. m
Let v* be the value that minimizes, (¢2). For that value and any distributighon R* with same variance?, we
always have
2 KV*

I[f] > IV*(U ) = g2’
which refines the Cramér-Rao inequality. We will check belbat K, - is of course greater than one.
Actually, we know that the Fisher information is infinite imetcase of a non differentiable density. It is thus important
here to ensure continuity and differentiability at the orign order to ensure that the Fisher information of the
probability distributionf (z) = u?(z) remains finite, we need to impos€0) = 0. This implies a condition o so
thatD, (0) = 0. It is easy to check that

(29)

m
D,(0) = % (30)
22 F(E — 51/)
Therefore,D, (0) = 0 if and only if I'(3 — 1) — +o0, that is if and only ifv is an odd positive integer. In such a
case, the Weber functions can also be expressed in termswiitd@olynomialst,, (x):

Do(z) = 2%~ Hy(2). (31)

Then, the determination of the optimum valueof v such that/, (¢2) is minimum amounts to minimiz&’, with v
integer. This leads to the following result.
Proposition 3 The distribution which minimizes the Fisher informationT®h, subject to a variance constraint, is

obtained forv* = 1, and is
fla) = \/Z: (32)
Y

the chi-distribution with three degrees of freedom. ItdEisinformation, according to4b), is I; = 3, and its variance
iso? = 3 — 8/m. Then the minimum Fisher-variance producis = 9 — 24 /7 ~ 1.3606.

Proof. In the present case, it is possible to obtain closed-forrmédas for the variance and information associated
with (27), even for non integer values of

The following relationships, which can be derived from gred representations of parabolic cylinder functions, see
[21, 6.2] are useful:

d
EDU(JC) =(-1/2)zD,(z) + vD,_1(x) (33)
= (1/2)zDy(z) = Dyya(x) (34)
Adding the two equalities and taking the square, we have
2
4 <%Dy(x)) =v?’D,_1(2)> = 2vD,_1(2)D,41(x) + Dyy1(z)?. (35)
Subtracting the equation33) and (34), we obtain
xDy(x) = Dyy1(z) — vDy_1 (), (36)
from which we deduce
xDu($>2 = Du+1($)Dv(z) - VDU,1($)DU($), (37)
22D, (z)? = Dyy1(2)* — 20Dy 41 (2) Dy 1 (x) + 2D, _1(z)?, (38)

The second ingredient of the calculation are the formulds¢gs. 7.711.2 and 7.711.3], from which we define the
functional S (s, v):

oo outrFl 1 1
S(/L,V):/O D#(‘T)Dv(z)dxz [ — v F(%—%M)F(—%u))i — ) (39)
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v Fig. 2. Evolution of the informatior,, 1 in (46) with respect ta.
Actually, the true Fisher information is only finite for ptgé odd

Fig. 1. Evolution of the varianc®),,1 in (44) with respect ta . values ofv .

for p # v, and with

Feo 1 3\11(1711/)7\1/(7—1/))
= Dl/ 2 =722 2 2 2 2 4
S(v,v) ; (x)*de =7 () (40)
where¥ (z) is the digamma function. Whemor v are integers, these formulas reduce to
T2kt s 1
S(2p,2p+k) =— (41)
ko T(z =p)L(=p—5k)
( ) - T : (42)
SCp+1.2p+1+k)= 42
E T~ —pl(—p— k)
1!
andS(m,m) = (2@5% (43)

So doing, using the expression of the soluti@i)( the definition of the Fisher informatiod), equality 35) and the
definitions 89-40), we obtain the expression

I¢ :5(1/25@— lLv—1)—2vS(v—-1,v+1) +S(V—|—1,1/+1)) /S(v,v), (44)

which reduces to the very simple expression
Ime=(2m+1)¢ (45)
in the integer case. Let us mention that a similar expressigeported in 5] for the case of Hermite functions, up to
a factor 2 which is due to a different definition of Hermite ¢tions.
In the same way, the integration of equaliti83-38) gives the first and second order moments, so the variance is

Vie= % (S(l/—|— Lv+1)—2vSw+1,v—1)+ 25 —1,v— 1)) /S(v,v)

—((Sw+1,v) —vS(w —1,1)) /S(v,v))? (46)

Figuresl and?2 present the evolutions of the variance and informationpaspuited in 44) and @6). Figure3 gives
the information-variance produéf,, as a function of.. Actually, we know that the true Fisher information is only
finite for positive odd values aof (otherwise the density is discontinuous at the origin ardRisher information is
infinite).

Considering Figure3, we read that the positive odd integer which minimizes thedpct/,; - V,; is v* = 1.
Accordingly, we obtain that the solutiof{z) = u(z)? is (32). The values of its variance and Fisher information
follow by direct computationm

Note that disregarding the differentiability requiremanthe origin would lead to select the parameter 0.1065,
corresponding to a variane€ = 0.38661 and a “Fisher informationT = 0.91886. So doing one would obtain a
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Fig. 3. The information-variance produkt, as a function ob .

product/ - 0% = 0.35524, which breaks the Cramer-Rao inequality. From the estomatieory point of view, it is clear
that if the density has a bounded support and a discontiatiiye left endpoint of this support, then the variance of
the estimate of the location parameter will be asymptdiiaaro, which corresponds to an infinite Fisher information
in the Cramér-Rao bound.

5. Solutions with compact support

We know that the Fisher information associated with a distion is invariant by translation of this distribution.

Furthermore, a scaling of the distributigiiz) according tay(x) = \le\f(%) with a # 0 yields a scaling of the Fisher

information adl[¢g] = #I[f]. Hence, it is possible to restrict our study to any particuigerval, and without loss of
generality, we choose the interyall, 1].
We consider the same problem as before, the minimizatioheoFisher information subject to a variance constraint,

and add the boundaries conditiand ) = u(—1) = 0, which reads

1 1

I(0?) = ir21£D{4/ o (x)?dx / u(z)?dz = 1 with Var(v?) = 0% and u(1) = u(—1) = 0} (47)
uUu —1 —1

The problem is invariant by the symmetry— —x since it is clear that ifu(z) is solution, therw(z) = u(—z),

which has the same variance and Fisher information, is atsugion. In fact, the distribution with minimum Fisher

information for a given variance is unique and even. The g@rgroof of this fact is rather involved and given in

[17,18). But since we have here the general expression of solutmiise underlying differential equation, it is not

difficult to characterize this optimum solution.

Proposition 4 The unique solution to the probled?) is the non-negative function

FM_ o 1 (V/P2?)

u(@) = = T (48)
(f_ll ﬁM*ﬁv*i (\/BzQ)dx) :

where,/3 is the first zero of the functioh__o_ 1

B
Proof. We have already established that the general solution afitfegential equation¥) can be expressed as a linear
combination of two Whittaken/ functions which are two linearly independent solutions:

u(xz) = 01%]\4_# _;(\/BJ:Q) + CQ%M_ﬁE,%(\/BI'Q) (49)

4B 4

wherec; and ¢ shall be chosen such that the boundaries and normalizabioditions are satisfied. In this last
equation, the first function is even while the second is odit, @an be observed from the series developm&h)t Let
us note thenbeyen () andS,qaq () respectively. The boundaries conditiand) = u(—1) = 0 then imply that
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Fig. 4. Minimum Fisher information distributions with comut (0,1) support for several values of variances. For variances ridvan

o2 = % — % ~ 0.1307, the distributions are unimodal while they become bimodatms? > o2.
C1Seven(1) + C2Sodd(1) =0 (50)
C1Seven(1) - C2Sodd(1) = 0. (51)

The only solution isc; = ¢o = 0, except if Spaa (1) and Seven(1) are simultaneously equal to zero. But it is easy
to check that these two functions have no common zero. Thexgethe general solution can not include both terms.
There shall be only one term, eith&r,.,,(x) or Soaq(x), in the general expression of the solution with its paransete
adjusted so as to ensure the boundaries constraints.

We deduce that, sincg(x) is either odd or even, the associated dengity) = u?(x) is even and has zero mean. In
such a case, the set defined by the constiainif] = o2 becomes a convex set and consequently the solution to the
minimization of the Fisher information on this convex setiisque. From the fact botl(z) andv(z) = u(—=x) are
solution, we deduce that the unique solution is necessarg\uan one, that ig!g).

Finally, if u(x) is solution, so isw(z) = |u(z)| becausey’ (z)? = u'(x)? andw(z)? = wu(x)?. By unicity of the
solution we obtain that(z) > 0 for + € (—1,1). Therefore the conditiom(1) = 0, the fact that all zeros of
M L_’,%(z) are zero-crossings, and the non-negativity requireméelgl yhat the point,/3 is the first zero of

-5
M_ _« 1. W

/B 1
In Figure4, we give some examples of solutions for several valties [0, 1] of the variance. We see that for low
variances the solution is unimodal while it is bimodal foglnér variances. The Fisher information is large for low
and high variances and much lower for intermediate varisncefact, the minimum Fisher information is a convex
function of the variance, cfllg, Theorem 6.1].
Proposition 5 The minimum Fisher informatiof(c?) is a strictly convex function ef?.
Proof. Letu(z)? andv(z)? be two distributions with minimum informationgc2) and(o2) respectively. Since the
Fisher information is strictly convex, withe (0, 1), we have

Ieu* + (1 — e)v?] < el[u?] + (1 — ) I[v?] = el (62) + (1 — €)I(0?) (52)
Since the distributiona? andv? have zero mean, we have

Var [eu® + (1 — €)v*] = ol + (1 — €)os.

Then, there exists a distribution with the same variancenainémum Fisher information such that

Ilew” + (1 — e)v’] > I (eol + (1 —€)oy) . (53)
Finally, combination of§2) and £3) yields
I(eo2+(1—e€)or) <el(on)+ (1—e)I(a2). (54)



In the case of th&® ™ support, we obtained explicit expressions of both the wagaand Fisher information, and as
a result the exact behavior dfo?). The present case is more delicate. Indeed, although itsisilple to obtain from
(21) an exact series expansiomdf(x), where the coefficients depend of hypergeometric functitvesdifficulty here

is that we have no analytical expression for the argumeriefitst zero of the solution, which gives the valuesof
Only approximations of this value are availablep. 510]. Therefore, we have to resort to a numerical deteatitin

of the parameters of the function. Similarly, we cannot givelose form formula fo# (¢?). However, we can still
characterize its general behavior.

Sincel(0?) is a convex function, it has a unique minimum, sgy The following result shows that this minimum
is obtained for3 = 0. Furthermore, this value discriminates two regimes forgblaitions: in the case < o., we
haves > 0 while in the caser > o, we have8 < 0 and the corresponding solution is the WhittaRérfunction
with imaginary arguments. These facts have already beécedain [18, Lemmas 5.2 and 5.3], but we provide here
an alternate proof.

Proposition 6 If o2 is the minimizer of (o2), then
a) forc <o, >0

b) foro > 0., 3 <0

¢) andfinally forc = o,, =10

Proof. Let u(z)? andv(x)? be two distributions with minimum informatiori§s?) and(o?) respectively, and let us
defineg.(x) = eu?(z) + (1 — €)v?(z). By Propositionl, the Fisher informatior(c?) can be expressed dés?) =
—4(av, + Byo?). We use the expansion proved 7] Satz 7.2, p.90]:

Ig] = I[v?] — 4Bue(0? — 2) + o(€?). (55)
Strict convexity gives
Ig < eI[u®] + (1 — ) I[v?] = el (02) + (1 — €)I(0?) (56)
Let us now taker, = o.. Sincel (¢2) is the minimum Fisher information, we have the majorization
el(o?) + (1 = )I(o7) < I(oy), (57)
and thereford[g.] < I(c?). As a consequence, frorh%) and the previous inequality, we obtain
Boe(o? — 012}) >0, (58)

which gives cases a) and b) in the Proposition. The case-€)(), follows by continuity. =

Hence, the solution which realizes the minimdta?) of the Fisher information corresponds/o= 0. This means
that this solution satisfies the differential equatidi(xz) = au(z), with «(1) = u(—1) = 0. This problem has
for solutionsu(z) = cos (kmz/2), with o = —k?x2? andk integer. Since we know that the solution of the Fisher
minimization is non-negative, there is only one possip#ihd

Proposition 7 The probability density functiofi(z) = u(x)? defined orf—1, 1] with minimum Fisher information is

f(x) = cos (mz/2)? (59)

. 2
witho? = = — — andI(o?) = n°. (60)
T

W =

Figure5 reports the behavior of the Fisher informatibfy?). The Fisher information tends to infinity far — 0
ando — +oo and its minimum is attained far?> = o2. Foroc — 0, we obtain by [, egs. 13.1.32 and 13.5.5]
thatu(z) o exp(—B222/2), that isu(x) converges to a Gaussian distribution with variaice . Hence, for small
values of the variance, the solution has the form of a Gans#ribution concentrated on the origin, and, as a normal
distribution, its Fisher information decreaseslds?. Wheno? increases towards 1, the two modes become more
and more pronounced and probability accumulatesté@nand the probability density function tends to two mass
functions, as shown in Figurg and the Fisher information tends to infinity.
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Fig. 5. Evolution of the minimum Fisher informatidifo) in the case of a distribution with bounded supgertl, 1)
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