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Abstract
Bistable piezoelectric generators have been demonstrated to outperform linear spring–mass–damper systems in terms
of frequency bandwidth and harvested power from wideband vibrations. In this work, a nonlinear vibration energy har-
vester consisting of clamped–clamped buckled beams combined with a four-pole magnet across coil generator is investi-
gated. By buckling the support beams, an elastic Duffing potential is provided so that the seismic mass can pass from
being dynamically monostable to bistable. A theoretical model of the system is presented, and experimental tests are
performed on a prototype. In the unbuckled state, the device exhibits higher maximum power at resonance than in the
buckled, but, in general, no significant difference is noted in terms of average harvested power between monostable and
bistable regimes under harmonic and band-limited stochastic vibrations. However, for an optimal acceleration level, the
bistable configuration shows a factor of 2.5 times wider bandwidth and higher power outside from the natural resonance
as compared with the monostable regime. It is also observed that the benefits of bistable dynamics mostly depend on
the ratio between the characteristic cutoff frequency of the electrical circuit and the mechanical resonance.
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Introduction

The reduction in power needs of wireless sensor nodes
as well as small smart electronic devices has, in recent
years, met the capability of small generators to harvest
from various ambient energy sources like solar, tem-
perature gradient, wind, radio frequencies (RF), and
vibrations. This is mainly due to the rapid improvement
of power-aware and energy-efficient electronics at vari-
ous technological levels: material, design, components,
and circuitry (Amirtharajah et al., 2000; Bilbao et al.,
2011). Latest wireless sensor nodes are able to operate
when powered only with few tens of microwatts.

The main problem of vibration harvesting is the
variability of the power spectral density (PSD), both in
terms of time and frequency content. Most generators
are indeed optimized to work only at specific frequen-
cies, thus the applications are limited. Commercial
vibration energy harvesters (VEHs) are generally appli-
cation designed in order to maximize the performance.
However, for a wideband operation, additional features
need to be added to the typical linear spring–mass sys-
tem used in resonant VEH. Vibration harvesters based
on linear oscillators must resonate at their natural

frequency in order to maximize the power. This repre-
sents the main limit of linear systems. In fact, to be effi-
cient over a wide frequency range, they must be
capable of self-tuning and adaptation to variable accel-
eration levels (Ayala-Garcia et al., 2013; Eichhorn et
al., 2011; Galayko et al., 2008). But these techniques
require a complex active circuit which consumes addi-
tional power. Another method for widening the fre-
quency response is the use of an oscillator array with
different resonances; therefore, the overall response
covers a larger frequency interval (Koyama and
Nakamura, 2010; Shan et al., 2010; Xue et al., 2008).
However, in that case, the overall power density per
unit of device volume decreases. Multimodal energy
harvesting with a single oscillator has also been investi-
gated (Yang et al., 2009).
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The exploitation of nonlinear systems can also be
used for improving the spectral bandwidth (BW) of
VEHs. It was proposed for electromagnetic transduc-
tion (Burrow and Clare, 2007) and by the authors of
this work (Cottone et al., 2009) via piezoelectric genera-
tors. Such an approach of using an external force to
create a quartic potential was also investigated by other
researchers (Erturk and Inman, 2010; Stanton et al.,
2010). Under wide spectrum noise, the superiority of
bistable systems with respect to linear resonators in
terms of maximum power and frequency response was
proven to be up to an order of magnitude higher. Other
nonlinear techniques that make use of mechanical stop-
pers have been shown to be advantageous to enlarge
the BW generators (Guillemet et al., 2013; Soliman et
al., 2008). A good classification of different nonlinear
techniques is described in Tang et al. (2010).

In this article, we analyze an inertial electromagnetic
generator (EMG) wherein buckled steel beams are
employed to work as an equivalent nonlinear bistable
spring in order to make the seismic mass vibrating
within an elastic quartic potential. The authors have
already demonstrated this concept for a piezoelectric
generator (Cottone et al., 2012). The aim of this work is
to understand the effect of bistability for an electromag-
netic VEH. In particular, we investigate the system in
two different arrangements: on one hand, with a single
clamped–clamped steel beam wherein the seismic mass
is centrally fixed (Figure 1(a)) and, on the other hand,
with two separate beams which are laterally clamped to
the seismic mass and aligned to its center (Figure 1(b)).
Although these two configurations are similar, the
mechanical resonance of the system changes as the
clamp-to-clamp distance is kept constant. Thus, we

Figure 1. Model of the buckled-beam BEMG with two clamping configurations: (a) centrally loaded buckled-beam clamping, (b)
double buckled-beam clamping, and (c) schematics of the magnets–coil arrangement.
BEMG: beam electromagnetic generator.
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study how the bistability influences the system response
when its mechanical resonance is far and close to the
circuit cutoff frequency. The first arrangement lowers
the frequency response and eases the snapping between
the two states, although the mass is unstable. The sec-
ond suspension configuration is stable but with higher
frequency response, considering the same clamp-to-
clamp length. The comparison will be made between
the unbuckled and buckled states for each configura-
tion, under harmonic vibration and band-limited noise.

The theoretical model of the buckled-beam electro-
magnetic generator (BEMG) will be explained in section
‘‘Theoretical framework.’’ Then, the description of the
prototype and experimental characterization will be dis-
cussed in section ‘‘Description of the prototype.’’ Section
‘‘Experimental results’’ will show the performance com-
parison of resonant unbuckled- versus buckled-beam
configuration under frequency sweep-in-sine excitation
and band-limited colored noise. Section ‘‘Conclusion’’
will finally include the conclusions of this work.

Theoretical framework

Description of the model

Figure 1 illustrates the model of the buckled-BEMG
sketched with two clamping configurations: (a) where
the seismic mass, which is composed by the magnet
housing, is fixed to the center of a single buckled beam
and (b) where it is doubly clamped with two buckled
beams at its sides. In both configurations, the position
of one clamp (right) of the support can be adjusted by
means of a micrometric screw. By decreasing the initial
clamp-to-clamp distance L0 by a certain quantity
deltaL, the axial compression increases such that, over
a critical value, the support beam becomes buckled.
The distance between the beam ends is named L=L0-
deltaL. The unbuckled state of the beam corresponds
to the uncompressed condition L=L0. Thus, the sup-
port beams can be placed in a buckled state, whereas
the unbuckled state corresponds to the uncompressed
condition L = L0.

The movable part of the generator is composed of
four permanent magnets having their poles aligned hor-
izontally, such that the top couple of magnets produce
a magnetic field B in the opposite direction with respect
to that of the bottom magnets (Figure 1(c)). This
arrangement, as formerly proposed by El-Hami et al.
(2001), permits to increase the magnetic flux linkage
gradient dF(B)/dz along the vertical axis z. The magnet
support is made of soft iron in order to confine the
magnetic flux, and at the same time, it increases the
total seismic mass of the harvester. The stator is made
of an air-cored coil of horizontal loop axis located
within the magnets gap and is attached to the rigid
housing of the device. Thus, the movement of the mag-
netic element relative to the coil generates the electro-
motive force V0.

Governing equations

Hereafter, the theoretical framework will be only devel-
oped for the configuration of single centrally loaded
buckled beam (Figure 1(a)). The partial differential
equation that governs the vertical deflection w(x, t) of a
post-buckled beam undergoing compressive axial force
P was extensively investigated in Emam and Nayfeh
(2004) and Reddy (2004). It is given by
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where

m(x)= rA+Md(x� L=2) ð2Þ

is the total mass per unit length and M is the seismic
mass given by the magnets housing; d is the Dirac delta
function; t is time; x is the horizontal axis coordinate; z
is the vertical position of the base; E and I are the beam
Young’s modulus and second moment of inertia,
respectively; r, A, and g are the mass density, cross-
sectional area of the beam, and gravitational accelera-
tion (g = 9.81 m s22), respectively; and c accounts for
the mechanical viscous damping.

As this work only aims at investigating the concept
of bistability when applied to EMGs, a deeper theoreti-
cal analysis of buckled beams accounting for asymme-
tries will not be treated here. Therefore, we just
consider the first vibration mode as dominant in the
Galerkin expansion of the total deflection function

w(x, t)=w1(x)+ v(x, t), v(x, t)=
XN

i= 1

ri(t)ui(x) ð3Þ

where N is the number of retained modes of interest,
v(x,t) is the time-dependent deflection around the initial
shape w1(x) = h0c(x) with initial midpoint buckling
height h0, fi(x) are the position-dependent mode shapes
of the beam, and ri(t) are generalized displacement of
the time-dependent mode shapes. By retaining only the
first mode the expression (3) results

w(x, t)= h0c(x)+c(x)r(t) ð4Þ

where c(x) = (1 2 cos(2px/L))/2 is the initial shape
function (Emam and Nayfeh, 2004).

In place of r(t), we now define the generalized coor-
dinate q(t) = h0+ r(t), which is the time-dependent
midpoint height of the beam. Hence, w(x,t) = q(t)c(x)
and by replacing it into equation (1) and evaluating at
x = L/2, a single degree-of-freedom (1-DOF) differen-
tial equation is obtained
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Meq€q(t)+q _q(t)+ k1q(t)+ k3q(t)3 = �Meq(€z(t)+ g)

ð5Þ

where overdots are time derivatives. Meq and q are the
effective seismic mass of the oscillator and effective vis-
cous damping, respectively. k1 and k3 represent linear
and nonlinear terms of the equivalent spring stiffness,
respectively. These parameters are derived by the fol-
lowing expressions
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Primes represent the derivative with respect to x. The
total compressive force P is calculated by the following
relations
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where Pcr is the critical buckling load.
Let us now include the magnetic force arising from

the movement of the magnets relative to the inner coil.
When the coil is shunted to an electrical load RL, the
magnetic force along z is given by Fm=2Bli, where B
is the modulus of the magnetic field component along
x within the gap of each couple of magnets, l is the
total length of the active coil wire within the magnetic
field, and i is the current flowing through the load. The
induced electromotive force is equal to V0= Bl(dq/dt)
from Faraday’s law, where dq/dt is the vertical velocity
of the seismic mass. By naming Rc and Lc the internal
resistance and the self-inductance of the coil, respec-
tively, the voltage across the resistive load is given by

V =V0 � Rci� Lc(di=dt) ð8Þ

By Ohm’s law, the current can be rewritten in terms
of load voltage i = V/RL so that the coupled closed-
form equations governing both dynamical and electri-
cal behavior of the BEMG are obtained as

Meq€q(t)+q _q(t)+ k1q(t)+ k3q(t)3 +aV (t)

= �Meq(€z(t)+ g)
ð9Þ

_V (t)+ (vL +vR)V (t)=vRl _q(t) ð10Þ

in which a is the electromechanical coupling factor; vL

and vR are the characteristic cutoff frequencies of the
electrical circuit of the system relative to the coil resis-
tance Rc and to external resistive load RL, respectively;
and l is the electromagnetic conversion factor. They
are defined by the physical system parameters as
follows
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ð11Þ

The corresponding nondimensional equations (6)
and (7) are then derived as detailed in Appendix 1
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in which there are only three independent dimensionless
parameters: the mechanical quality factor Q, the char-
acteristic ratio between the mechanical resonance and
electrical cutoff frequency ratio which is equal to

g =
v0

vR +vL

ð14Þ

and the nondimensional electromechanical coupling
factor of the system

k2
em =

l2

k1Lc

=
(Bl)2

k1Lc

ð15Þ

Description of the prototype

In this section, the above coupled nondimensional
equations are solved in the time domain. Numerical
integration is carried out by using modified Euler–
Marujama method implemented in MATLAB�. The
input excitations are harmonic vibrations and exponen-
tially correlated band-limited noise. The numerical
solutions are based on the identified physical para-
meters deduced from the prototype. The average elec-
trical power is calculated within the interval [t0, t1] by
using the formula

Pavg =
1

t1 � t0

Zt1

t0

V 2(t)

RL

dt ð16Þ
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BEMG and experimental setup

The fabricated prototype is illustrated in Figure 2(a)
and (b) for the centrally loaded beam and separated
beams arrangement, respectively. The active parts
(springs + magnet housing + coil) measure an over-
all size of 38 mm 3 22 mm 3 25 mm. Four
neodymium-iron-boron (NdFeB) magnets are hosted
in the iron support, which constitutes the moving mass.
The coil is fixed to the embodiment by means of a
nylon support which operates as a low friction rail. Its
vertical position can be regulated by a screw. The coil
operates as stator being rigidly placed in between the
magnets with its axes parallel to the magnetic field
along the horizontal direction.

By adjusting the movable right clamp, it is possible
to change the compressive axial load on the steel beam,
so that the oscillator passes from monostable to bis-
table dynamical regime. When shaken, the magnetic
element slides vertically around the nylon support of
the coil providing a better stability to the seismic mass.

Figure 2(c) shows the schematic diagram of the used
experimental equipment. Vibrations are provided to
the energy harvesting device by means of an

electromagnetic shaker. The base acceleration is moni-
tored by using an accelerometer with 800 mV/g of sen-
sitivity. The electrical terminals of the coil are
connected in series to a resistance. All the signals are
acquired by a data acquisition card connected to a per-
sonal computer (PC) run by a LabVIEW program. The
vibration signal is handled by a vibration controller
through the feedback of the accelerometer for the
sweep-in-sine tests.

System characterization

The physical parameters of the fabricated harvester are
listed in Table 1 and the calculated parameters of the
theoretical model are shown in Table 2. The effective
quality factor, Q, was characterized through the
method of the logarithmic decrement by using a step-
like vibration (Palm, 2007). The electromagnetic cou-
pling factor a was obtained by using equation (11a).
Note that this is only an approximation because the
electromagnetic force is nonlinear and depends on the
position of the oscillating magnet. In addition, it is not
possible to determine the effective coupling factor at
open circuit due to eddy currents.

22
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shaker 

centrally loaded 
buckled beam 
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screw 

magnets coil seismic mass 

microm
scre
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Figure 2. Photographs of the BEMG prototype for the (a) single centrally loaded-beam clamping configuration, (b) double-beam
clamping configuration, and (c) scheme of the testing equipment.
BEMG: beam electromagnetic generator; PC: personal computer; DAQ: data acquisition.

Cottone et al. 5



The total potential energy of the system is expressed
by

U (q)=
1

4
k3q4 +

1

2
k1q2 +Meqgq ð17Þ

In the unbuckled case, the stiffness coefficient k1 is
positive and the system oscillates around its unique sta-
bility point which corresponds to a midspan deflection
q = 0. When a compression is applied over the critical
axial load, the beam is set in the buckled state. In this
condition, the stiffness coefficient k1 is negative. The
initial axial load P can be determined by measuring the
buckling height h0 and using equation (7).

Figure 3 shows the graph of the potential energy for
various buckling height. The double well potential is
tilted due to the gravitational force, and the solutions
for the two stability positions have a complicated
expression. However, if we assume the gravity force is
negligible, the two stability positions of the system are
q6 = 6(|k1|/k3)

1/2.

Experimental results

In section ‘‘Harmonic excitation,’’ the test results under
harmonic excitation are presented for the generator
configured with the single support beam arrangement
shown in Figure 2(a). In this case, relatively low accel-
erations are required for the mass to overcome the

barrier height of the Duffing potential compared to the
separated buckled beam arrangement (Figure 2(b)). A
first test was performed by monitoring the output vol-
tage for different resistance loadings at resonance.
Subsequently, two test sessions with frequency sweep-
up and sweep-down sinusoidal excitation were per-
formed at open circuit and with optimal load. Each
measurement was retrieved both for the unbuckled and
buckled beam cases.

In section ‘‘Band-limited noise,’’ the tests are then
performed under band-limited noise for both clamping
arrangements. Hereafter, simulations and experimental
values will be compared within the same scales but in
different graphs to avoid confusion in overlapping
many curves.

Harmonic excitation

Figure 4(a) illustrates the generated root mean square
(rms) voltage across different load resistances ranging
from 23 O to 4.6 kO. The system was shaken at the
measured peak resonances equal to fu = 52 Hz and
fb = 48 Hz for unbuckled and buckled configurations
(with h0 = 0.4 mm), respectively, at s = 0.32 grms of

Table 1. Measured physical parameters of the prototype.

Parameter, symbol Value Parameter, symbol Value

Magnetic element Beam spring element

Material NdFeB (N42) Material Steel C-70
Magnetic field, B 0.42 T Unbuckled length, L0 37.9 3 1023 m
Magnet size 10 3 10 3 3 mm3 Width, b 12.7 3 1023 m
Coil wire diameter, wd 0.08 3 1023 m Thickness, tb 0.09 3 1023 m
Coil wire length, wl 31.4 m Density, rb 7850 kg/m3

Coil self-inductance, Lc 7.66 mH Young’s modulus, Eb 2 3 1011 Pa
Coil resistance, Rc 106 O

Table 2. Parameters of the theoretical model of Figure 2(a).

Parameter, symbol Value

Resonant frequencies, fu; fb 51.7 Hz*; 47 Hz*;
52 Hz**; 48 Hz**

Quality factor (open circuit), Q 29*
Equivalent mass, Meq 72.3 3 1023 kg**
Linear stiffness, k1

(unbuckled); k1 (buckled)
601*; 22 3 103 N/m*

Nonlinear stiffness, k3 5.82 3 1010 N/m3*
Coupling factor, a
(at RL = 112 O)

1.17 3 1021 N/V*

Cutoff frequency, fc 2.3 kHz*

*Calculated; **measured. −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8
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of buckling height h0.
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base acceleration (Table 2). The effective value of the
magnetic field seen by the coil was deduced by fitting
the experimental data with theoretical model, and it is
found to be B = 0.42 T. In both unbuckled and
buckled states, the optimal load resistance results to be
112 O, at which the maximum average electrical power
is Pmax = 2.96 mW.

The theoretical curve is calculated for the unbuckled
state, but it is also in good agreement with the buckled
one. A small discrepancy appears for very small loads
(22.8 and 40 O). No sensible improvement in terms of
maximum power or load BW is achieved in the buckled
state when exciting at main natural frequency. This
behavior differs from the case of piezoelectric transduc-
tion as seen in Cottone et al. (2012). The reason of the
lack in power gain comes from the small time constant
of the equivalent circuit, namely, t = Lc/(RL+Rc) =
34 ms. Accordingly, the characteristic cutoff frequency
of the equivalent high-pass filter of the circuit results to
be fc = 1/(2pt) = 2.3 kHz. This is much greater than
the mechanical resonances fu = 52 Hz and fb = 48 Hz.
Hence, the characteristic frequency ratio g � 1, while
it can be g . 1 for piezoelectric systems. As a conse-
quence, the second term at the left side of equation (24)
is not negligible anymore. Thus, even if the bistable
dynamic yields large mass displacement, the output vol-
tage does not increase significantly because it depends
on the velocity.

Figure 5(a) and (b), respectively, presents the experi-
mental results and numerical model of the rms voltage

of the system at open circuit for upward and downward
frequency sweeping for both unbuckled and buckled
states at s = 0.32 grms of acceleration. As expected, the
buckling softens the effective stiffness of the oscillator.
The measured peak resonance shifts from 52 to 48 Hz,
while numerical simulations predict 51.7 and 47 Hz for
monostable and bistable states, respectively. Both the
experimental and numerical model data show multiple
coexisting values in the frequency range of 35–47 Hz
for the buckling state. This region corresponds to the
inter-well motion of the seismic mass which snaps
through the two potential minima. The frequency
response of the buckled state is slightly broadened with
respect to the unbuckled on downward sweeping, while
for upward sweeping, the band is squeezed. This hyster-
esis occurs because the excitation level is not enough
for allowing the mass to overcome the potential barrier.
In fact, in the upward sweeping, the gravitational force
confines the mass to stay in the lower well of the quar-
tic potential. This phenomenon disappeared when
increasing acceleration or decreasing the buckling
height h0, as shown in Figure 6.

Figure 5(c) and (d) shows the frequency sweep of the
rms output voltage when applying the optimal resistive
load Ropt = 112 O found at resonance, respectively, for
experimental and simulated models. Even in this case,
the numerical model results to be in good agreement
with experimental data. As for the open circuit case, the
hysteresis due to the bistability combined with the grav-
itational force is reproduced. However, the simulations
present some discrepancies with respect to experimental
data below 30 Hz. Simulated models exhibit subreso-
nances around 22 and 28 Hz. Experimental data also
outline only a small plateau in correspondence of pre-
dicted subresonances around similar frequencies: 25
and 33 Hz for unbuckled and buckled states, respec-
tively. The effects are related to the approximation of a
constant magnetic field seen by the top and bottom half
of the coil. In addition, nonlinear loss effects have not
been accounted as in Sebald et al. (2011).

The frequency response of the unbuckled state
appears not much different from the buckled one
because the buckling height was chosen relatively small
in order to let the system crossing the potential barrier
for low accelerations. The BW of the bistable system
exhibits very sharp boundaries which restrict the effi-
ciency region in between 33 and 48 Hz. Although the
unbuckled state exhibits a higher maximum value at
resonance, the buckled one performs better in the fre-
quency range between 34 and 49 Hz. Both experiments
and simulations present an output enhancement at fre-
quencies beyond 57 Hz. The experimental power
enhancement of the buckled system varies along this
frequency range and reaches a maximum of 115% at
85 Hz. This phenomenon is attributed to the vibrations
of the seismic mass when it is confined in one of the
two stability positions. The intra-well resonance of the
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buckled state is higher than the natural frequency of
the unbuckled state. Therefore, the frequency response
is shifted to right, resulting in a greater response in the
high frequency range.

Another comparison between unbuckled and
buckled states, but for various acceleration levels, is
shown in Figure 6. The initial buckling height is 0.3
mm. Frequency up and down sweeps correspond to the
first and second columns, respectively. In each column,
the output rms voltage (Figure 6(a) and (b)) and the
corresponding power (Figure 6(c) and (d)) dissipated to
the optimal load of 112 O are presented at 0.1, 0.2, and
0.5 grms of base acceleration. It is important to observe
that even if the maximum power results higher at reso-
nance for the unbuckled state, the buckled one provides
a larger BW at the intermediate acceleration of 0.2 grms.
Moreover, up to a power gain of a factor 3 occurs in
the bistable state off the main resonance, in the interval
of 672100 Hz. Few sub- and super-harmonics appear
around 33 and 66 Hz, respectively. This phenomenon is
typical of nonlinear vibrating systems as discussed in
Nayfeh et al. (1999).

A maximum power of 8 mW resulted at 0.5 grms,
which is quite a remarkable value for powering com-
mercial wireless electronics. We can also evaluate the
power frequency BW and the bandwidth figure of merit
(BWFoM) in order to compare the performance in both
configurations by using the definition in Sebald et al.
(2011)

BW=
f2 � f1

f0
ð18Þ

BWFoM=BW3
Pmax

s2
ð19Þ

where f2, f1 represent the half-power (23db) cutoff fre-
quencies, f0 is the maximum power frequency, and s is
the acceleration amplitude. At 0.2 grms, the buckled sys-
tem shows a frequency BW of BWb = 20.8% against
the unbuckled one BWu = 8.8% resulting in a gain fac-
tor of 2.5. Besides, we can note that both configurations
of the device feature very large BW responses compared
to traditional cantilever-based harvesters. Indeed, typi-
cal values of BW of linear resonant VEHs range from
2% to 15% (Mitcheson et al., 2008). Furthermore, still
at 0.2 grms of acceleration the BWFoM results to be
5.65 and 2.07 mW/g2 for buckled and unbuckled gen-
erators, respectively.

Band-limited noise

In this section, the system is also investigated under
exponentially correlated colored noise with the auto-
correlation time ta = 0.001 s. The input vibration con-
sists of a stochastic noise z(t) = j(t) with limited BW at
the cutoff frequency fa = 1/(2pta) = 159 Hz. The PSD
of the input acceleration j(t) at s = 1 grms is shown in

Figure 7. The experimental test in the following refers
to an acceleration of 0.4 grms.

Figure 8 shows the PSD of the system response that
is estimated from measurements by using Welch’s aver-
aged periodogram for the two different arrangements:
double- and single-beam clamping. In the buckling
state of the support beams, the power response shifts
by about 30 Hz toward lower frequencies showing an
increase in this range.

We can also observe that the maximum power peak
of the single-beam clamped system, which resonates at
f0 ;50 Hz, is mitigated under buckling state. However,
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such an attenuation does not occur for the double-
beam clamping arrangement. This is explained by the
high-pass filtering effect of the electrical circuit. The
second arrangement with double-beam suspension pre-
sents similar power peaks at higher mechanical reso-
nances: 3.7 3 1023 V2/Hz at 100.6 Hz (unbuckled)
and 2.7 3 1023 V2/Hz at 80 Hz (buckled). In the
single-beam clamping configuration, the maximum
electrical power dissipated through the resistance does
not present any improvement under buckled state with
respect to the unbuckled: 4.8 3 1023 V2/Hz at 50 Hz
(unbuckled) and 1.2 3 1023 V2/Hz at 48 Hz (buckled).
Nevertheless, the down shift in frequency response
allows to harvest more energy at low frequency: below
27 Hz, the buckled system harvest one order of magni-
tude more power than the unbuckled one.

The effect of bistability on the electromagnetic
harvester

Under random vibrations, the EMG appears not to
benefit from bistable dynamic as much as for piezoelec-
tric systems (Cottone et al., 2009, 2012). However, the
harvesting efficiency increases at low frequency, which
can be advantageous with some vibration sources (e.g.
human movement). The reason of such effect is related
to the ratio between the electrical cutoff frequency of
the electrical circuit and the mechanical resonance, g,
which in this case results much less than 1. As a conse-
quence, the output voltage is mainly proportional to
the velocity and does not depend on the displacement
amplitude. In principle, it could be possible to design
the electromagnetic harvesting system in order to have
parameter g . 1. For instance, by increasing the
mechanical frequency f0 = v0/2p or decreasing the
overall electrical cutoff frequency fc = (vR+vL)/2p.
This can be done by choosing very stiff support springs
or by increasing the self-inductance of the electromag-
netic inductor.

Conclusion

This work presented the design, analysis, and experi-
mental testing of a nonlinear buckled BEMG for vibra-
tion energy harvesting. In particular, the use of a
clamped–clamped beam with adjustable position of one
of the two clamps allowed investigating the system in
monostable and bistable dynamics, corresponding to
the unbuckled and buckled beam states. In the first
case, the device behaves like a resonant generator
while, in the second one, it works as a bistable Duffing
oscillator. The governing equations for the BEMG
were derived by using first mode Galerkin expansion
with the Euler beam theory. The fabricated device was
tested under harmonic excitation with frequency

sweeping (from 20 to 106 Hz) and under band-limited
exponentially correlated noise.

In general, not much performance difference is
found in terms of average harvested power between the
bistable and monostable regimes, both under harmonic
and band-limited stochastic vibrations. This can be
attributed to the high-pass filtering effect of the equiva-
lent electrical circuit that presents a cutoff frequency
much greater than mechanical resonance.

Nevertheless, the buckled configuration of the fabri-
cated device presents a BW enhancement of 2.53 with
respect to unbuckled at intermediate acceleration of 0.2
grms. In addition, the buckled beam system performs
slightly better off the resonant region with respect to
the unbuckled. In fact, a power enhancement up to a
factor 33 is observed above 67 Hz at 0.5 grms of base
excitation. However, under monostable regime, the
maximum harvested power at resonance is achieved by
the monostable state.

In both buckled and unbuckled states, the device
demonstrated a maximum harvested power of 8 mW at
0.5 grms of base acceleration. This value demonstrates a
good potential for practical vibration-powered wireless
sensing applications. Moreover, it has been proven that
clamped–clamped beam design provides larger fre-
quency response than typical cantilever-based harvest-
ers because of the nonlinearity of the suspension.
Numerical model and experimental results show a good
quantitative and qualitative agreement.
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Appendix 1

In order to obtain two coupled nondimensional motion
equations from equations (6) and (7), the following
dimensionless variables are introduced

t =v0t q(t)=

ffiffiffiffiffiffiffi
k1j j
k3

s
~q(t)

€y(t)=€z(t)+ g y(t)=

ffiffiffiffiffiffiffi
k1j j
k3

s
~y(t)

V (t)=
k1

a

ffiffiffiffiffiffiffi
k1j j
k3

s
~V (t)

ð20Þ

Then, we introduce the following set of parameters

v2
0 =

k1

Meq

q

Meq

= 2d=
v0

Q

g =
v0

vR +vL

k2
em =

R2
La2

k1L
=

l2

k1L

ð21Þ

where ~k2
em represents the electromechanical coupling

factor and g is the ratio between the linear part of the
mechanical resonant frequency and the total cutoff fre-
quency of the electrical circuit.

The corresponding time derivatives of the above
variables are given by

dq(t)

dt
=v0

ffiffiffiffiffiffiffi
k1j j
k3

s
d~q(t)

dt

d2q(t)

dt2
=v2

0

ffiffiffiffiffiffiffi
k1j j
k3

s
d2~q(t)

dt2

d2y(t)

dt2
=v2

0

ffiffiffiffiffiffiffi
k1j j
k3

s
d2~y(t)

dt2

dV (t)

dt
=v0

k1

a

ffiffiffiffiffiffiffi
k1j j
k3

s
dV (t)

dt

ð22Þ
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By substituting the above new variables and para-
meters into the governing equations (6) and (7), we
obtain

d2~q(t)

dt2
+

1

Q

d~q(t)

dt
+ ~q(t)+ ~q3(t)+ ~V (t)= � d2~y(t)

dt2

ð23Þ

d ~V (t)

dt
+

1

g
~V (t)= k2

em

d~q

dt
ð24Þ

which are the coupled dimensionless equations of the
system with only three independent dimensionless para-
meters: the mechanical quality factor Q, the cutoff fre-
quency ratio g and the electromechanical coupling
factor k2

em. The time-dependent acceleration signal of
the vibration input is represented by the function
d2~y(t)=dt2.
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